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Abstract.— We define and study the spectral projection operator for
compactly supported distributions on Damek-Ricci space NA. The Paley-
Wiener-Schwartz theorem and the range of Sp(NA)#(0 < p ≤ 2) via spectral
projection operator are established. The L2-estimation for this operator is
also given. In order to do the Paley-Wiener theorem for the non necessary
radial function, the spectral projection operator can be uniquely character-
ized by analyticity and growth condition in λ of Paley-Wiener theorem type
on the unit disk of the complex plane as an example of Damek-Ricci space.
1 Introduction
Given a group N of Heisenberg type, let S = NA be the one-solvable exten-
sion of N obtained by letting A = IR+ acts on N by homogeneous dilata-
tion. We equip S with a natural left-invariant Riemannian structure. The
11991 Mathematics subject classification. 42B38, 44A15, 92C55.
2Key Words and phrases. Paley-Wiener Theorem, Spectral projection operator,
Damek-Ricci spaces.
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2 Spectral analysis on Damek-Ricci space
group S is in generally nonsymmetric harmonic spaces (the geodesic sym-
metry around the identity is not isometry (see [13] and [15])). The geodesic
distance of x ∈ NA from the identity e is
ρ(x) = d(x, e) = log(
1 + r(x)
1− r(x)), 0 ≤ r(x) ≤ 1
with,
r(V, Z, a)2 = 1− 4a
(1 + a+ |V |
2
4
)2 + |Z|2 .
On such a group S, we consider the Laplacian £ on NA whose radial part
is given by the rule
£r =
∂2
∂ρ2
+ (
m
2
coth(
ρ
2
) + k coth(ρ))
∂
∂ρ
,
with ρ is the geodesic distance of x ∈ NA from the the identity. The Fourier-
Helgason transform of the function f in D(NA) (see [7]) is the function f̂ on
lC ×N defined by
f̂(λ, n) =
∫
NA
f(x)Pλ(x, n) dx,(1)
where the kernel Pλ : NA × N −→ lC is an appropriate complex power of
the poisson kernel on NA, namely
Pλ(x, n) = [P(x, n)]
1
2
−i λ
Q .
For a distribution, the Fourier-Helgason transform of T ∈ E ′(NA) (see [1]
and [2]) is defined by
T̂ (λ, n) = 〈T (x),Pλ(x, n)〉 (λ, n) ∈ lC ×N,(2)
the above formula have a sens, because the function x → Pλ(x, n) is an
eigenfunction of Laplace-Beltrami operator with eigenvalue −(λ2 + Q2
4
) (see
[6] and [7]).
This transform, for f in D(NA), can be also written as follows (see [2])
f̂(λ, n) = F1 ◦Rnf(λ),(3)
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where F1 is the Fourier transform of one variable and Rnf(λ) is the horocyclic
Radon transform (see [2]) defined as follows,
Rnf(λ) = e
−λQ
2
∫
N
f(nσ(n1 exp(λH))) dn1,(4)
with σ is the geodesic inversion (see [8]) defined by the following formula
σ(V, Z, t) =
1
(t + |V |
2
4
)2 + |Z|2 [((−t +
|V |2
4
) + JZ)V,−Z, t],
for all (V, Z, t) ∈ NA, and write the Fourier-Helgason inversion formula (see
[7])
f(x) =
∫ +∞
−∞
(
cm,k
4π
|c(λ)|−2
∫
N
P−λ(x, n)f̂(λ, n) dn) dλ,(5)
where cm,k = 2
k−1Γ(2m+k+1
2
) 1
π( 2m+k+1
2
)
and c(λ) is the generalized Harish-
chadra function.
The expression in Parentheses in the formula (1.5) is an eigenfunctions of
Laplace-Beltrami operator with eigenvalue −(λ2 + Q2
4
).
For f ∈ D(NA), We define the spectral projector as follows
IPλf(x) =
cm,k
4π
|c(λ)|−2
∫
N
P−λ(x, n)f̂(λ, n) dn.(6)
so that the spectral representation is
f(x) =
∫ +∞
−∞
IPλf(x) dλ.(7)
For a distribution, the spectral projection of T ∈ E ′(NA) is defined as follows
IPT (x) =
cm,k
4π
|c(λ)|−2(T ∗ φλ(x)),(8)
The above formula have a sens, because φλ is the spherical function, which
is C∞(NA).
Remark. On the unit open disk D = {z ∈ lC; |z| = 1} of the complex
plane, the Laplace-Beltrami operator ∆D on D (see [20]) can be written in
terms of the Euclidean Laplacian ∆IR2 as
∆D = (1− |z|2)2∆IR2
= 4(1− |z|2)2 ∂
2
∂z∂z¯
.
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For z ∈ D, let r, θ ∈ IR, with r ≥ 0 be such that z = tanh(r)eiθ. Since
d(0, z)=r, then (r, θ) are called geodesic polar coordinates of z. In such
coordinates of z, the Laplace-Beltrami is
∆D =
∂2
∂r2
+ 2coth(2r)
∂
∂r
+ 4 sinh−2(2r)
∂2
∂θ2
For the Laplacian ∆D on D (see [20]), we have
∆D(e
(iλ+1)<z,w>) = −(λ2 + 1)e(iλ+1)<z,w>, λ ∈ lC.
With
e<z,w> = (
1− |z|2
|1− z.w|2 )
1
2 .
For λ ∈ lC, let Pλ denote the complex power of the Poisson kernel ( cf. [20]
p: 3) given by
Pλ(z, w) = e(iλ+1)<z,w>
= (
1− |z|2
|1− z.w|2 )
iλ+1
2 ,
One can define the Fourier-Helgason transform by
(1.8)′ f̂(λ, w) =
∫
D
P−λ(z, w)f(z) dµ(z),
for all λ ∈ lC, w ∈ S1 for which this integral exists, where dµ(z) = (1 −
|z|2)−2dz, and the Fourier-Helgason inversion formula is(cf. [20] p: 33)
f(z) =
1
4π
∫
IR
(
∫
S1
f̂(λ, w)Pλ(z, w) dσ(w))λ tanh(πλ
2
) dλ.
The expression in parentheses is an eigenfunction of the Laplacian on D with
eigenvalue −(λ2 + 1), we define the spectral projection operator on the D
(see [20]) as follows
(1.8)′′ IPλf(z) =
1
4π
λ tanh(
πλ
2
)
∫
S1
f̂(λ, w)Pλ(z, w) dσ(w)
=
1
4π
λ tanh(
πλ
2
)Qλf(z).
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Remark. We note that IPλf(z) is not defined at λl =
+ i(2k+1) for k ∈ lZ∗,
and has a simple zero at a points λh =
+ i2h for h ∈ lZ∗ and a double zeros
at λ = 0. Also the function λ→ Qλf(z) is even.
Remark. For k ∈ lZ+, we have
Q−i(2k+1)f(z) = (1− |z|2)−k
∫
S1
f̂(−i(2k + 1), w)(1− z.w)2k dσ(w).
Using the Libnitz formula to the function (1 − z.w)2k, we note that the the
integrale in the second part of the above formula is a polynmial of z and z
of degree 2k.
The aim of this work is to characterize the range of E ′(NA)# (respectively of
Sp(NA)# for 0 < p ≤ 2) by the spectral projection operator (see Theorem
3.2) (respectively Theorem 4.1), we find the analogous of this theorem in the
case of the noncompact symmetric space of rank one (see [26] and [27]), and
mainly we give an estimation of this operator in L2(NA), also, we discuss in
the sense of R. Strichartz (cf. [26]), the spectral Paley-Wiener theorem on
the unit open disk of the complex plane .
Now we give a full description of the organization of this paper. In section
2, we recall the main definition and the know results of spherical analysis on
NA groups. In section 3, we introduce the Poisson kernel and spectral pro-
jection, we state the main results, we have obtained the characterization of
the E ′(NA)-range of the spectral projection which is a generalization of the-
orem 3.6 in [26](see also [27]). In section 4, we give a range of Sp(NA)# (for
0 < p ≤ 2) via spectral projection. In section 5, we discut the L2-estimate
for this projection (see theorem 5.1 and 5.2). In the next, we discuss in the
sense of R. Strichartz (cf. [26]), the spectral Paley-Wiener theorem on the
unit open disk D of the complex plane as an example of the hyperbolic spaces
(even case). the results and ideas will be illustrated by developing a range
theorem for spectral projection operator on D. And mainly to characterize
the C∞com(BR(z0))-range (where BR(z0) is the unit ball of lC centered at z0) of
spectral projection operator IPλ associated to the Laplacian ∆D on D.
2 Notations and Preliminaries
Let η be a two-step real nilpotent Lie algebra of finite dimensional (i.e., [η,η]
6= 0 and [η,[η,η]]=0) equipped with an inner product <,>, η has a center
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z. We have then [V, V ′] ∈ z and [V,Z]=0 ∀V, V ′ ∈ η and ∀Z ∈ z. We write
η as an orthogonal sum of two spaces p and z (η=p⊕z, we have [p, p] ⊂ z,
[p, z] = 0 and [z, z] = 0. According to Kaplan [21], η is said to be an H-type
Lie algebra if for every unitary Z ∈ z the map JZ of p into p, defined by
equality < JZV, V
′ >η=< [V, V
′], Z >η, satisfy the equality J
2
ZV = −|Z|2V ,
for all V ∈ p. A fondamental example is the Heisenberg algebra (see [24]),
given by the matrix.


0 v1 ... vk z
w1
(0) .
wk
0


= (v, w, z), v, w ∈ IRk, z ∈ IR
such that J(0,0,z)(v, w, 0) = z(−w, v, 0).
Note that for every unit Z ∈ z, JZ is a complex structure on p, so that
p has even dimension m=2m’, we denote by k the dimension of z. Let N
be the connected and simply connected group of Lie algebra η. Since η is
nilpotent, the exponential map is surjective, we may therefore parametrize
N by p⊕z and write (V,Z) for exp (V + Z) where V ∈p and Z ∈ z. By the
Baker-Campbell-Hausdorff formula, the product law in N is given by the
formula
(V, Z).(V ′, Z ′) = (V + V ′, Z + Z ′ +
1
2
[V, V ′]),
for all V, V ′ ∈ p and for all Z,Z ′ ∈ z. Let dV and dZ the lebesgue measures
on p and z respectively, the measure dV dZ is the Haar measure on N whose
we denote by dn. Let A be a multiplicatif group isomorphe to IR∗+ and NA
the semi-direct product of N and A relatively to the action (V, Z) ∈ η 7−→
(a
1
2V, aZ). So the Lie group S = NA (connected and simply connected)
is called a Damek-Ricci space. We denote by (V, Z, a) the element na =
exp(V + Z)a, the inner law on the group NA is given by the formula
(V, Z, a).(V ′, Z ′, a′) = (V + a
1
2V ′, Z + aZ ′ +
1
2
a
1
2 [V, V ′], aa′).
Denote by Q = 1
2
m+ k, with Q = 2̺ the homogeneous dimension of N , the
left Haar measure onNA is given by dx = a−Q−1dV dZda = a−Q−1dnda. Note
that the right Haar measure on NA is a−1dV dZda, then the group NA is
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nonunimodulaire, so that the modular function δ is given by δ(V, Z, a) = a−Q.
As Riemannian manifold , NA is (see [15]) a harmonic space, the noncompact
symmetric space of rank one is contained in these class of NA groups ,
NA ≈ G/K = NAK/K ( here NA is the Iwasawa group). Also the group
S provide an examples of nonsymmetric hamonic spaces (see [15]). The
eigenfunction may be expressed as Jacobi of parameters α and β via the
following formula (see [22] p. 152)
Φs(x) = Φs(ρ)(9)
= ϕ
(α,β)
2λ (
ρ
2
)
= 2F1(
1
2
(Q− 2s), 1
2
(Q + 2s);
m+ k + 1
2
;− sinh2(ρ
2
)).
where recall that 2F1 is the Gauss hypergeometric function with α =
m+k−1
2
,
β = k−1
2
and λ = −iRe(s) + Im(s), then Im(λ) = −Re(s)).
3 Poisson kernel and Spectral Projection on
the Damek-Ricci space
For n1 fixed in N , we define (see [7] p. 409), the Poisson kernel on NA for
n1 by the formula
P(., n1) : NA −→ IR
na 7→ P(na, n1) = Pa(n−11 n),
where, for a > 0, Pa(n) is a function on N defined by
Pa(n) = Pa(V, Z) = a
Q((a+
|V |2
4
)2 + |Z|2)−Q.(10)
We have the following properties
• £P(., n1) = 0, ∀n1 ∈ N
• Pa(n) = a−QP1(a−1na), ∀a ∈ A, ∀n ∈ N.
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With these properties, one may defined the kernel Pλ, (λ ∈ lC) on NA × N
as follows
Pλ : NA×N −→ lC
(na, n) −→ Pλ(na, n) = P(na, n)
1
2
− iλ
Q
= Pa(n
−1n)
1
2
− iλ
Q
we define the spectral projection operator on the Damek-Ricci space and we
study these properties
Definition 3.1 Let T be an element of E ′(NA), we define the spectral pro-
jection operator on NA as follows
IPλT (x) =
cm,k
4π
|c(λ)|−2(T ∗ Φλ)(x).(11)
Proposition 3.1 Let T be an element of E ′(NA), then for all λ ∈ lC we have
IPλT (x) =
cm,k
4π
|c(λ)|−2
∫
N
P−λ(x, n)T̂ (λ, n) dn.(12)
Proof. Let T ∈ E ′(NA), from the formula 3.2, we obtain
IPλT (x) =
cm,k
4π
|c(λ)|−2〈T (y),Φλ(y−1x))〉(13)
=
cm,k
4π
|c(λ)|−2〈T (y),Φλ(d(x, y))〉.
The spherical function Φλ satisfies to the following formula (see [24] p. 42
and [7] p. 413)
Φλ(x
−1y) =
∫
N
P−λ(x, n)Pλ(y, n) dn.(14)
Using the Fubini-theorem, the formula (3.4) becomes
IPλT (x) =
cm,k
4π
|c(λ)|−2〈T (y),
∫
N
P−λ(x, n)Pλ(y, n) dn〉(15)
=
cm,k
4π
|c(λ)|−2
∫
N
P−λ(x, n)〈T,Pλ(y, n)〉 dn
=
cm,k
4π
|c(λ)|−2
∫
N
P−λ(x, n)T̂ (λ, n) dn
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Let M : D(NA) → D(NA)# be the averaging projector on NA (see [7],
[14] and [24]) defined as follows
(Mf)(x) =
1
|S|
∫
Sρ
f(y) dσρ(y),
where dσρ is the surface measure induced by the left-invariant Riemannian
metric on the geodesic sphere Sρ = {y ∈ NA : d(y, e) = ρ}, normalised
by
∫
Sρ dσρ(y) = 1 and ρ(x) = d(x, e). Denote by fx the function M(τx−1f)
where x, y ∈ NA and τxg(y) = g(x−1y) is the translated function.
Proposition 3.2 Let x∈ NA and f be in D(NA) , then
IPλf(x) =
cm,k
4π
|c(λ)|−2f˜x(λ)(16)
where f˜ design the spherical Fourier transform of f ∈ D(NA)#,
Proof. Let x be an element of NA and f ∈ D(NA) , since fx is a radial
function on NA, the spherical Fourier transform of fx is given by
f˜x(λ) =
∫
NA
fx(y)Φλ(y) dy
=
∫
NA
f(x−1y)Φλ(y) dy,
putting x−1y = z to obtain
f˜x(λ) = f ∗ Φλ(x),
and this prove the proposition.
Remark that for x = e and f ∈ D(NA)#, the equality (3.7) becomes
IPλf(e) =
cm,k
4π
|c(λ)|−2f˜(λ).(17)
In order to do the Paley-Wiener theorem for the spectral projection operator,
we will need the following lemma.
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Lemma 3.1 (Koornwinder (see [22] p. 150)) For each α, β ∈ lC and for
each non-negative integer n there exists a positive constant C such that for
all t ≥ 0 and all λ ∈ lC
|(Γ(α+ 1))−1 d
n
dtn
ϕ
(α,β)
λ (t)| ≤ C(1 + |λ|)n+k(1 + t)e(|Imλ|−Reµ)t,
where µ = α + β + 1, k = 0 if Reα > −1
2
and k = 1
2
− Reα if Reα ≤ −1
2
,
where the function t→ ϕ(α,β)λ (t) is the Jacobi function.
Let Ba(z) be the ball of center z ∈ NA and of radius a for the distance d. We
denote by C∞c (Ba(z)) the set of function f ∈ D(NA) which suppf is inclued
in Ba(z)
Lemma 3.2 If f ∈ C∞c (Ba(z))
⋂D(NA)#, then IPλf(x) satisfies to follow-
ing conditions:
1) For all λ ∈ 1C, the function x→ IPλf(x) is a radial function
2)(λ, x)→ IPλf(x) is a C∞ function on 1C ×NA
3) for all λ ∈ 1C, we have LrIPλf(x) = −(λ2 + ̺2)IPλf(x) (where Lr is the
radial part of the Laplace-Beltrami operator)
4) for each fixed x, the function IPλf(x) is an entire function divisible by
|c(λ)|−2 and the quotient is an analytic function
5) for every N0 there exists CN0 such that
|IPλf(x)| ≤ CN0 |c(λ)|−2(1 + |λ|2)−N0e|Imλ|(d(x,z)+a)
Remark. the above theorem hold for all dimension of NA
Proof. The spherical function Φλ(x) is given by the formula (see [6]).
Φλ(x) =
∫
N
P−λ(x, n)Pλ(e, n) dn
=
∫
N
e(̺+iλ)(t◦σ)(n
−1x)+(̺−iλ)(t◦σ)(n−1 ) dn
and the equality (6.6) shows that (λ, x) → IPλf(x) is a C∞ function on
1C ×NA. The formula (6.6)implies, also, that LIPλf(x) = −(λ2+ ̺2)IPλf(x)
because Φλ is an eigenfunction for Lr and the operator L has for eigenvalue
−(λ2+̺2). It follows from (6.6) that IPλf(x) is even (x fixed) since Φλ = Φ−λ,
the equality 6.6 shows that IPλf(x) is divisible by |c(λ)|−2. Showing, now,
the condition 5). Assume that supp f is included in the ball Ba(z) (z fixed)
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and let L0 be the operator defined by L0 = −L + ̺2 with ̺ = 2Q, where
Lr is the radial part of the Laplace Beltrami operator (see the introduction).
Let r be the integers, then
IPλ(Lr0f)(x) = (−1)rλ2rIPλf(x).(18)
But , from (6.6) we have
IPλ(Lr0f)(x) =
cm,k
4π
|c(λ)|−2(Lr0f ∗ Φλ)(x)
=
cm,k
4π
|c(λ)|−2
∫
NA
Φλ(xy
−1)(Lr0)f(y) dy.
By (6.18), the above equality becomes
(−1)rλ2rIPλf(x) = cm,k
4π
|c(λ)|−2
∫
NA
Φλ(xy
−1)(Lr0)f(y) dy.
This equality implies
|λ|2r|IPλf(x)| ≤ cm,k
4π
(|c(λ)|−2 sup
y∈NA
|Lr0f(y)|).(19)
×(
∫
y∈Ba(z)
|Φλ(xy−1)| dy)
It follows from the Koornwinder lemma (see lemma 6.1) that
|λ|2r|IPλf(x)| ≤ cm,k
4π
(|c(λ)|−2)( sup
y∈NA
|Lr0f(y)|).(20)
×(|Ba(z)|) sup
y∈Ba(z)
e|Imλ|ρ(xy
−1) dy.
Where |Ba(z)| design the measure of the ballBa(z). Since ρ(xy−1) = d(x, y) ≤
d(x, z) + d(z, y) ≤ d(x, z) + a , the inequality (6.19) can be transformed as
follows
|IPλf(x)| ≤ c′r|c(λ)|−2(1 + |λ|2)−re|Imλ|(d(x,z)+a).
Where c′r is an other absolute constant. The third condition of the above
lemma is lawful because the condition (6.13) implies that 4π
cm,k
(IPλf(e)|c(λ)|2) =
f˜(λ) for a radial function f . According to the theorem 3.14 in [16], we known
that the function λ→ f˜(λ) is analytic.
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Theorem 3.1 (Abouelaz see [1]) . If f ∈ C∞c (Ba(z))
⋂D(NA)#, then IPλf(x)
satisfies to following conditions:
1) For all λ ∈ 1C, the function x→ IPλf(x) is a radial function
2)(λ, x)→ IPλf(x) is a C∞ function on 1C ×NA
3) for all λ ∈ 1C, we have LIPλf(x) = −(λ2 + ̺2)IPλf(x) (where L is the
radial part of the Laplace-Beltrami operator)
4) for each fixed x, the function IPλf(x) is an entire function divisible by
|c(λ)|−2 and the quotient is an analytic function
5) for every N0 there exists CN0 such that
|IPλf(x)| ≤ CN0 |c(λ)|−2(1 + |λ|2)−N0e|Imλ|(d(x,z)+a)
Conversely, if x → F (λ, x) (for all λ ∈ lC)is a radial function and F (λ, x)
satisfies to 1),2),3),4) and 5) then there exist f ∈ C∞c (Ba(z))
⋂D(NA)# such
that IPλf(x) = F (λ, x) for all (λ, x) ∈ lC ×NA) Where L is the radial part of
the Laplace-Beltrami operator (see (2.2))
Proof. The necessary condition is proved in the above lemma.
conversely,let F (λ, x) be a function which satisfy to condition (1),..,(4), the
condition (5) of the above theorem shows that
(a1) |F (λ, x)| ≤ CN0 |c(λ)|−2(1 + |λ|2)−N0e|Imλ|(d(x,z)+a).
Without loss of generality we take z=e (as in the proof of theorem of R.
Strichartz in [26]). The function x→ F (λ, x) (for λfixed) is radial verifying
the equality
(a2) LF (λ, x) = −(λ2 + ρ2)F (λ, x).
The function
Ψ(λ, x) =
F (λ, x)
F (λ, e)
.
verify the equality (a2), then
F (λ, x) = F (λ, e)Φλ(x).
(where Φλ(x) is the spherical function). Replace F (λ, x) by its expression in
the equality (a1), we obtain
(a3) |F (λ, e)||Φλ(x)| ≤ CN0 |c(λ)|−2(1 + |λ|2)−N0e|Imλ|(r+a).
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(where r = ρ(x). The inequality (a3) implies that
(a4) |F (λ, e)|e−|Imλ|r|Φλ(x)| ≤ CN0|c(λ)|−2(1 + |λ|2)−N0e|Imλ|a.
Integrate the inequality (a4) between 0 and t (with respect r) we have
(a5) |F (λ, e)|(
∫ t
0
e−|Imλ|r|Φλ(r)| dr) ≤ CN0t |c(λ)|−2(1 + |λ|2)−N0e|Imλ|a.
Consequently
(a6) |F (λ, e)|(1
t
∫ t
0
e−|Imλ|r|Φλ(r)| dr) ≤ CN0 |c(λ)|−2(1 + |λ|2)−N0e|Imλ|a
for all λ ∈ lC. But
1 = lim
t→0
(
1
t
∫ t
0
e−|Imλ|r|Φλ(r)| dr) forallλ ∈ lC,
because
lim
t→0
(
1
t
∫ t
0
e−|Imλ|r|Φλ(r)| dr) = lim
t→0
(
Ψ(t)
t
= Ψ′(t)|t=0
= |Φλ(0)|
= 1
with
Ψ(t) =
∫ t
0
e−|Imλ|r|Φλ(r)| dr.
Then (a6) becomes
|F (λ, e)| ≤ CN0|c(λ)|−2(1 + |λ|2)−N0e|Imλ|a.
By Di Blasio theorem (see [16]), there exist f ∈ D(NA)# such that suppf ⊂
B(e, a). In addition
F (λ, e)
|c(λ)|−2 = f˜(λ) forall λ ∈ lC.
Whence
f˜(λ) =
IPλf(e)
|c(λ)|−2
4π
cm,k
=
F (λ, e)
|c(λ)|−2 .
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Then
F (λ, e) = IPλf(e)
4π
cm,k
= IPλf1(e).
Since
F (λ, x)
F (λ, e)
=
IPλf1(x)
IPλf1(e)
.
We have by the above equality
F (λ, x) = IPλf1(x),
and f1 ∈ D(NA)# with suppf1 ⊂ B(e, a).
Conjecture 1. It will be very interessant to generlize the theorem 3.1 for
the function f ∈ C∞c (Ba(z))
⋂D(NA). (see [26] and [27] for the symmetric
spaces of non compact of rank one.)
Definition 3.2 Let T ∈ E ′(NA), we define IPλT (x) as function on NA given
by the formula
IPλT (x) =
cm,k
4π
|c(λ)|−2(T ∗ Φλ)(x)(21)
=
cm,k
4π
|c(λ)|−2 < T,Φλ(d(x, .)) >,(22)
for all x ∈ NA with d(x, y) denote the distance from x to y.
Remark 3.1 If T ∈ E ′(NA)# the above equality becomes for x = e
IPλT (e) =
cm,k
4π
|c(λ)|−2T˜ (λ)(23)
Where T˜ (λ) is the spherical Fourier transform (see [1])
Theorem 3.2 Let T ∈ E ′(NA)# such that suppT⊂ Ba(z), then IPλT (x)
satisfies
1) For all λ ∈ 1C, the function x→ IPλT (x) is a radial function
2)(λ, x)→ IPλT (x) is a C∞ function on 1C ×NA
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3) for all λ ∈ 1C, we have LIPλT (x) = −(λ2 + ̺2)IPλT (x) (where L is the
radial part of the Laplace-Beltrami operator)
4) for each fixed x, the function IPλT (x) is an entire function divisible by
|c(λ)|−2 and the quotient is an analytic function
5) There exists N0 and CN0 such that
|IPλT (x)| ≤ CN0 |c(λ)|−2(1 + |λ|2)N0e|Imλ|(d(x,z)+a)
Conversely, if x → F (λ, x) (for all λ ∈ lC) is a radial function and F (λ, x)
satisfies to 1),2),3),4) and 5) then there exist T ∈ E ′(NA)# with suppT⊂
Ba(z) such that IPλT (x) = F (λ, x) for all (λ, x) ∈ lC ×NA)
Proof. The proof of the conditions 1)– 4) is the same as the proof of those
of theorem 6.2.
Now, showing the fifth condition of theorem, recall that for all ϕ ∈ C∞(NA)#,
we have for all ∆ ∈ ∪(NA) (see [1]) with,
(∆f(x)=
∑
νj(x)
dj
dρj
f0(ρ(x))) and for every g ∈ D(NA) and x ∈ NA we
define the function τxg on NA by the rule :τxg(y) = g(x
−1y), ∀y ∈ NA.
Since Φλ(x
−1) = Φλ(x), ∀x ∈ NA and suppτxf ⊂ xsuppf , we obtain
|IPλT (x)| = |cm,k
4π
|c(λ)|−2T ∗ Φλ(x)|
≤ cm,k
4π
|c(λ)|−2| < τxT,Φλ > |,
since
| < T,Φ > | ≤ C sup
y∈suppT
|DrΦ(y)|,
with C is a constant, then
|IPλT (x)| ≤ ccm,k
4π
|c(λ)|−2 sup
y∈x−1suppT
| d
m0
dρm0
Φλ(y)|
= c′|c(λ)|−2 sup
y∈x−1Ba(z)
| d
m0
dρm0
Φλ(y)|
= c′|c(λ)|−2 sup
xy∈Ba(z)
| d
m0
dρm0
Φλ(y)|
= c′|c(λ)|−2 sup
d(xy,z)≤a
| d
m0
dρm0
Φλ(y)|
= c′|c(λ)|−2 sup
d(y,x−1z)≤a
| d
m0
dρm0
Φλ(y)|
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with c′ is an absolute constante.
since {y ∈ NA/d(y, x−1z) ≤ a} ⊂ {y ∈ NA/|ρ(y)− d(x, z)| ≤ a},
we have
|IPλT (x)| ≤ c′|C(λ)|−2 sup
ρ(y)≤a+d(x,z)
| d
m0
dρm0
Φλ(y)|.
Then by Koornwinder lemma (see lemma 3.1), we obtain
|IPλT (x)| ≤ c′m0 |C(λ)|−2(1 + |λ|2)m0e|Imλ|(a+d(x,z))
with c′m0 is an absolute constante.
conversely, assume F (λ, x) satisfies to (1),(2),(3),(4) of the above theorem,
where (4) is verified for some N0. We construct the distribution T by the
rule
< T,Ψ >=
∫
IR
(
∫
NA
F (λ, x)Ψ(x) dx) dλ,
for any test function Ψ. This is not an absoltely convergent integral, but we
can show that
∫
NA F (λ, x)Ψ(x) dx ∈ L1(IRλ).
This does not follow directly from the condition (4) of theorem, but it is
easy deduced from it if we substitute F (λ, x) = (−λ2)−m(L + ρ2)mF (λ, x)
for all m ∈ IN , since (L + ρ2)mF (λ, x) = (−λ2)mF (λ, x) and F (λ, x) verifie
the condition (2). Putting L0 = L+ ρ2, then for all Ψ ∈ D(NA) we have
∫
NA
F (λ, x)Ψ(x) dx = (−λ2)−m
∫
NA
(L0)mF (λ, x)Ψ(x) dx,
an integrating by part means to:
∫
NA
F (λ, x)Ψ(x) dx = (−λ2)−m
∫
NA
F (λ, x)(L0)mΨ(x) dx
By the fourth condition of theorem, we have the estimate
|
∫
NA
F (λ, x)Ψ(x) dx| ≤ CN0(1 + |λ|2)−m|IP2r,2l(λ)|(1 + |λ|2)N0ea|Imλ| ×
×
∫
suppΨ
e|Imλ|d(x,z)|(L0)mΨ(x)| dx
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Using the Ho¨lder inequality , the above estimate becomes
|
∫
NA
F (λ, x)Ψ(x) dx| ≤ C ′N0,r,l(1 + |λ|2)N0+r0−mea|Imλ|(
∫
suppΨ
e2|Imλ|d(x,z) dx)
1
2
×(
∫
NA
|(L0)mΨ(x)|2 dx) 12 .
where C ′N0,r,l is a constant which depend of N0, r and l.
Consequently
∫
IR
dλ|
∫
NA
F (λ, x)Ψ(x) dx| ≤ C ′′N0,r,l(
∫
IR
dλ
(1 + λ2)m−N0−r0
)||(L0)mΨ||L2(NA)
< ∞.
Since m is an arbitrary integer, then∫
NA
F (λ, x)Ψ(x) dx ∈ L1(IRλ).
Next we apply a regularization argument. we choose a function θ˜ǫ(λ) (where
θǫ(x) is the regularised function (see [1]), and θ˜ǫ(λ) is the spherical Fourier
transform. From [17] theorem 3.5, we have
|θ˜ǫ(λ)| ≤ Cǫ(1 + |λ|)−n0e|Imλ|ǫ.
The function θ˜ǫ(λ)F (λ, x) verifie the conditions of theorem 3.1 in [1]. Then,
there exists a function Fǫ ∈ D(NA)# such that: suppFǫ ⊂ Ba+ǫ(z) and
IPλFǫ = θ˜ǫ(λ)F (λ, x) and
∫
IR θ˜ǫ(λ)F (λ, x)Ψ(x) dλ = Fǫ(x) as θ˜ǫ → 1 as ǫ→ 0
(see [1]), we have then∫
NA
Fǫ(x)Ψ(x) dx =
∫
NA
(
∫
IR
θ˜ǫ(λ)F (λ, x)Ψ(x)) dxdλ,
when ǫ→ 0 the above equality becomes
lim
ǫ→0
∫
NA
Fǫ(x)Ψ(x) dx =
∫
NA
(
∫
IR
F (λ, x)Ψ(x) dx) dλ
= < T,Ψ > .
Whence , when ǫ→ 0, we have also
< Fǫ,Ψ >→< T,Ψ > ∀Ψ ∈ D(NA).
As suppFǫ ⊂ Ba+ǫ(z) and IPλFǫ = θ˜ǫ(λ)F (λ, x), we obtain
IPλT (x) = F (λ, x) and suppT ⊂ Ba(z), and this completes the proof.
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Remark 3.2 1): If T = δn0, with δn0 the derivation of the Dirac measure
δe, the spectral projection operator of T = δ
n0 becomes
IPλT (x) =
cm,k
4π
|c(λ)|−2δn0 ∗ Φλ(x)
=
cm,k
4π
|c(λ)|−2 d
n0
dρn0
Φλ(x).
According to the Koornwinder lemma (see lemma 3.1), the above equality
becomes
|IPλT (x)| ≤ cm,k
4π
|c(λ)|−2(1 + |λ|2)n0e|Imλ|ρ(x),
we find then the result of [1].
2): For x = z = e and T a radial compactly supported distribution in {e},
the spectral projection becomes also (when dimNA is odd) (see [1])
IPλT (x) =
cm,k
4π
|c(λ)|−2T˜ (λ)
≤ cn0|c(λ)|−2(1 + |λ|)n0.
Conjecture 2. do we have a generalisation of theorem 3.2 for the distribu-
tions which is not necessary radials?
4 Characterization of the range of Sp(NA)#
by spectral projection operator
Let Ω be a left invariant differential operator on NA of order l, defined as
follows
Ωf(x) =
j=l∑
j=1
µj(x)
dj
dρj
f0(ρ(x))) ∀f ∈ C∞(NA).
where µj (j=1,2,..,l) the C∞ functions on NA. From lemma 2.3 in [17] p. 28,
there exists a constant c depending only on Ω such that
sup
ρ(x)≥0
|µj(x)| ≤ c.
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For 0 < p ≤ 2 denote by, (see [17]), Sp(NA)# the space of radial and C∞
functions f on NA such that
vp(f,Ω, h) = sup
x∈NA
e
Q
p
ρ(x)(1 + ρ(x))h|Ωf(x)|(24)
< ∞
for all positive integers h and all left invariant differential operators Ω on
NA.
We can define the space Sp(NA)# in a different way (see [3]) instead of (4.1)
we use the condition
sup
ρ≥0
e
Q
p
ρ(x)(1 + ρ(x))h| d
l
dρl
f0(ρ)| <∞ ∀f ∈ C∞
For ǫ > 0 define Ωǫ = {s ∈ lC : |Res| < ǫQ2 }. Denote also by H(Ωǫ) the space
of C∞ function φ on Ωǫ such that φ(s) = φ(−s) for all s∈ Ωǫ and such that
Vǫ(φ, l, h) = sup
|Res|<ǫQ
2
(1 + |s|)h| d
l
dsl
φ(s, x)|
< ∞
for all positive integers h and l. consider on H(Ωǫ) the topology defined by
the semi-normes Vǫ(φ, l, h) (see [17] p. 34).
Lemma 4.1 (see [17], p. 34) Let 0 < p ≤ 2 and ǫ = 2
p
− 1. Then the
spherical transform f → f˜ is a topological isomorphims from Sp(NA)# onto
H(Ωǫ)
Proposition 4.1 The function f is radial if and only if IPλf is radial
Proof. If f is radial, from the inversion formula of the spherical transform
the spectral projection is
IPλf(x) =
cm,k
4π
|c(λ)|−2f˜(λ)Φλ(x),(25)
as Φλ is radial we have then that IPλf is radial, and the reverse follow from
the rule
f(x) =
∫ +∞
−∞
IPλf(x) dλ.
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It follows that from (4.2) that
IPf(e) =
cm,k
4π
|c(λ)|−2f˜(λ).
One may characterize the Sp(NA)#- range via the spectral projection IPf(x)
for any x ∈ NA and λ ∈ Ωǫ. Let now define H(Ωǫ × NA) the space of C∞
function F on Ωǫ×NA such that F (−λ, x) = F (λ, x) and F (λ, x−1) = F (λ, x)
for all λ ∈ Ωǫ and x ∈ NA and LrF (λ, .) = −(Q24 + λ2)F (λ, .), and for any
left invariant differential operator D on NA of order l, such that
p(ǫ,N,D)(F ) = sup
|Reλ|<ǫQ
2
,x∈NA
(1 + |λ|)Ne−|Imλ|d(x,e)|DF (λ, x)|
< ∞
for all positive integers N .
Theorem 4.1 Let 0 < p ≤ 2 and ǫ = 2
p
− 1. Then the spectral projection
transform f → IPf is a topological isomorphims from Sp(NA)# onto H(Ωǫ×
NA)
The theorem 4.1 deduce from the following Theorem after having using the
closed graph theorem.
Theorem 4.2 Let 0 < p ≤ 2 and ǫ = 2
p
− 1. There exists f ∈ Sp(NA)#
such that IPλf(x) = IF (λ, x) if and only if
1) a) For each x ∈ NA we have F (−λ, x) = F (λ, x) for all λ ∈ lC
b) For each fixed λ, we have F (λ, x) = F (λ, x−1) for all x ∈ NA
c) (λ, x)→ F (λ, x) is radial and C∞ function on Ωǫ ×NA
2) for each λ, we have LrF (λ, x) = −(λ2 + Q24 )F (λ, x)
3) for each Nand each left differential operator D of order l on NA, there
exists cN,D such that
|DIF (λ, x)| ≤ cǫ,N,D|c(λ)|−2(1 + |λ|)−N+le|Imλ|d(e,x) if |Reλ| < ǫQ
2
.
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Proof. Assume that f ∈ Sp(NA)# (0 < p ≤ 2), since f is radial, the
spectral projection becomes
IPλf(x) =
cm,k
4π
|c(λ)|−2f˜(λ)Φλ(x).(26)
From the above lemma, we have that f˜(λ) is C∞ on Ωǫ and since Φλ(x) is C∞
function on Ωǫ×NA, then 1) and 2) of the theorem follows immediatly. Now
showing the third condition. From the lemma 4.1, there exists a constant C
such that
| d
k
dλk
f˜(λ)| ≤ C(1 + |λ|)−N if |Reλ| < ǫQ
2
(27)
for all positive integers N and k, where C depend of N, ǫ, k but not of λ.
According to the Koornwinder lemma, there exists a constant C ′ such that
| d
n
drn
Φλ(r)| ≤ C ′(1 + |λ|)ner|Imλ|(1 + r)e−rm+2k2 ,(28)
we have (1 + r)e−r
m+2k
2 → 0 as r →∞. Then the inequality 4.5 becomes
| d
n
drn
Φλ(r)| ≤ C ′′(1 + |λ|)ner|Imλ|,(29)
with C ′′ is an other constant. Using the formulas 4.5 and 4.6 to obtain that
|ΩIPλf(x)| = |
l∑
j=1
µj(x)
dj
dρj
IPλf(ρ)|
=
cm,k
4π
|c(λ)|−2|
l∑
j=1
µj(x)
dj
dρj
Φλ(x)||f˜(λ)|.
Then from the formulas (4.4) and (4.6), there exists a constant c′ǫ,N such that
|ΩIPλf(x)| = |ΩIPλf(ρ)|
≤ c′ǫ,N
cm,k
4π
|c(λ)|−2(1 + |λ|)−N+le|Imλ|ρ if |Reλ| < ǫQ
2
.
for all positive integers N , with l is the order of Ω.
Conversely, assume that there exists a radial function IF (λ, x) that satisfies
to 1), 2) and 3) of the theorem. putting
Ψ(λ) =
4π
cm,k
IF (λ, x)
φλ(x)
|c(λ)|−2,(30)
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since
Lr(IF (λ, x)
IF (λ, e)
) = −(λ2 + Q
2
4
)
IF (λ, x)
IF (λ, e)
,
IF (λ, e)
IF (λ, e)
= 1
and IF (λ, x) is radial, we have
IF (λ, x) = IF (λ, e)φλ(x).(31)
From the fourth condition of theorem, we have for all N ∈ IN
|IF (λ, x)| ≤ c′ǫ,N(1 + |λ|)−Ne|Imλ|d(e,x),
according to the formula (4.7), the above formula becomes
|c(λ)|2|φλ(x)||Ψ(λ)| ≤ c′ǫ,N(1 + |λ|)−N+le|Imλ|d(e,x).
Since supρ≥0Φλ(ρ) ≤ c′eρ|Imλ| (see formula (4.6)) and that there exists a
constant C1 and a constant b (see formula 7.4 in [6], p. 25 and [17] p. 37)
such that
|c(λ)|−2 ≤ C1(1 + |λ|)b |Reλ| ≤ ǫQ
2
we obtain then , for any N , that
|Ψ(λ)| ≤ C ′′ǫ,N(1 + |λ|)−N+l+b.
Where C ′′ǫ,N is constant which depend only of N , Ω and ǫ. Since N is an
arbitrary positive integer and according to the lemma 4.1, there exists a
function f ∈ Sp(NA)# with 0 < p ≤ 2 such that f˜(λ) = Ψ(λ), then
f˜(λ) =
4π
cm,k
IF (λ, x)
φλ(x)
|c(λ)|−2,
consequentely,
IF (λ, x) =
cm,k
4π
|c(λ)|−2φλ(x)f˜(λ),
which is equal to IPλf(x) since IF is radial.
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5 L2-Estimation for spectral projection oper-
ator
The aim of this section is to do the L2-estimation for spectral projection.
Recall that the Plancherel’s formula (see [17]) for Fourier spherical transform
of f ∈ L2(NA)# is
||f ||22 =
cm,k
2π
∫ ∞
0
|f˜(λ)|2|c(λ)|−2 dλ.(32)
Theorem 5.1 For x ∈ NA and f ∈ L2(NA), the following inequality holds
∫ ∞
0
|IPλf(x)|2|c(λ)|2 dλ ≤ cm,k
8π
||f ||2L2(NA)(33)
Proof. Let f ∈ L2(NA) and fx(y) = M(τx−1f)(y) the averaging function
of the translated function τx−1f (see [24]), we remark that if f ∈ L2(NA)
then fx ∈ L2(NA)# for any x ∈ NA (since NA is endowed with a left Haar
measure and ||Mf ||2 ≤ ||f ||2 (see [14])). From this, the formula 5.1 becomes
||fx||22 =
cm,k
2π
∫ ∞
0
|f˜x(λ)|2|c(λ)|−2 dλ,(34)
and since
IPλf(x) =
cm,k
4π
|c(λ)|−2(f ∗ Φλ)(x)
=
cm,k
4π
|c(λ)|−2f˜x(λ).
Using the above equality in the formula (5.3) to obtain that, for every x ∈ NA
||fx||22 = ||M(τx−1f)||22
=
8π
cm,k
∫ ∞
0
|IPλf(x)|2|c(λ)|2 dλ.
From the Proposition 1.3 in [14], the following properties hold for every
,f ∈ Lp(NA), with 1 ≤ p ≤ ∞
||Mf ||p ≤ ||f ||p.
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Then, we will have the following formula for any x ∈ NA
∫ ∞
0
|IPλf(x)|2|c(λ)|2 dλ ≤ cm,k
8π
||τx−1f ||22(35)
=
cm,k
8π
||f ||22,(36)
Theorem 5.2 Let K be a compact set of NA and x an element of a compact
K, we assume that f ∈ L2(NA), then we have the following estimate
∫ ∞
−∞
|c(λ)|2|IPλf(x)|2 dλ ≤ 2
mπ
m+k
2
Γ(m+k
2
)
cm,k
4π
c(K)||f ||22,
with c(K)a constant which depend only of K.
Proof. Let f be an element of L2(NA) and x an element of a compact K
in NA, if we use the spectral projector as (see formula (1.6))
IPλf(x) =
cm,k
4π
|c(λ)|−2
∫
N
P−λ(x, n)f̂(λ, n) dn.(37)
we will have the same result as the proposition 5.1.
Using the Ho¨lder inequality in the formula (5.5) to obtain that
|IPλf(x)|2 = (cm,k
4π
)2|c(λ)|−4(
∫
N
P−λ(x, n)f̂(λ, n) dn)2
≤ (cm,k
4π
)2|c(λ)|−4(
∫
N
|P−λ(x, n)|2 dn)×
(
∫
N
|f̂(λ, n)|2 dn)
≤ (cm,k
4π
|c(λ)|−2
∫
N
|P−λ(x, n)|2 dn)×
(
cm,k
4π
∫
N
|f̂(λ, n)|2|c(λ)|−2 dn)
then
|c(λ)|2|IPλf(x)|2 ≤ (cm,k
4π
∫
N
|P−λ(x, n)|2 dn)×(38)
(
cm,k
4π
∫
N
|f̂(λ, n)|2|c(λ)|−2 dn).
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According to the Plancherel formula for Fourier-Helgason transform (see [7])
and since P−λ(x, n) ∈ L2(N) (see [24], p. 44), we obtain that, for all compact
K of NA, there exists a constant c(K) such that
|P−λ(x, n)| ≤ c(K)eρ(t◦σ)n
∈ L2(N),
the formula (5.6) becomes∫ ∞
−∞
|c(λ)|2|IPλf(x)|2 dλ ≤ cm,k
4π
c(K)||f ||2(
∫
N
e2ρ(t◦σ)n dn),
since
∫
N e
2ρ(t◦σ)n dn = 2−k|Sm+k−1| = 2−k 2n−1π
n−1
2
Γ(n−1
2
)
(with n = m+ k + 1)(see
[24], p. 44), then
∫ ∞
−∞
|c(λ)|2|IPλf(x)|2 dλ ≤ 2−k 2
n−1π
n−1
2
Γ(n−1
2
)
cm,k
4π
c(K)||f ||L2(NA).
6 Description of the eigenspace of the invari-
ant Laplacian ∆ on D
For every complex number λ ∈ lC, let Eλ(D) be the space of all eigenfunctions
of ∆D in D with eigenvalue −(λ2 + 1). since the operator ∆D is elliptic in
D, the elements of Eλ(D) are C∞-functions on D i,e.,
Eλ(D) = {F ∈ C∞(D);∆DF = −(λ2 + 1)F}.(39)
Now, let Hk denotes the space of restrictions to S1 = ∂D of harmonic poly-
nomials zk and zk which are homogeneous of degree k in z. Then, it is well
known that Hk is SO(2)-irreductible and we have L2(S1) = ⊕k∈1ZHk.
Proposition 6.1 (see [9]) A function F is in the eigenspace Eλ(D), if and
only if F can be expanded in C∞(D) as
(40)
F (z) =
∑
k∈lZ
eikθak(λ)(tanh r)
|k|
2F1(
1 + iλ
2
,
1− iλ
2
; 1 + |k|;− sinh2(r)),
where ak(λ) is a constant which depend only of k and λ.
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Proof. See [9] for the proof of this proposition.
The generalized spherical function is given by
(41)
Φλ,k(tanh r) =
∫
S1
Pλ(z, eiθ)eikθ dσ(θ)
= (1− (tanh r)2) 1+iλ2 | tanh r||k|Γ(|k|+
1+iλ
2
)
Γ(1+iλ
2
)|k|! 2F1(
1 + iλ
2
, |k|
+
1 + iλ
2
; 1 + |k|; (tanh(r))2)
= | tanh r||k|Γ(|k|+
1+iλ
2
)
Γ(1+iλ
2
)|k|! 2F1(
1 + iλ
2
,
1− iλ
2
; 1 + |k|;− sinh2(r)).
Now, let Xk,λ denote the one-dimensional space spanned by the function
Φλ,k(tanh r)e
ikθ.(42)
We note that
Eλ = ⊕k∈lZXk.(43)
Let n be choosen fixed in lZ so that we have
Eλ = ⊕k≥|n|Xk ⊕⊕k≤|n|Xk,(44)
Let
E ′n = ⊕k≥|n|Xk and E ′′n = ⊕k≤|n|Xk,(45)
We denote by
E˜λ(D) = {F ∈ C∞(D); (∆D + λ2 + 1)2F = 0}.(46)
It is easy to see that Eλ(D) ⊂ E˜λ(D).
We need to describe the functions in E˜λ(D) that are not in Eλ(D). We
observe that: If gλ ∈ Eλ(D) then ddλgλ ∈ E˜λ(D). In fact, it follows from
0 =
d
dλ
(∆D + λ
2 + 1)gλ = (∆D + λ
2 + 1)
d
dλ
gλ + 2λgλ.(47)
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We say that f is SO(2)-finite if f(tanh reiθ) can be expanded into a finite
spherical series expansion with respect to eiθ to get
f(tanh reiθ) =
∑
|k|≤m0
fλ,k(tanh r)e
ikθ
is C∞(IR+ × S1), for ceratain m0 ∈ lZ+
Lemma 6.1 The following assertion is equivalent
i) f(z) is SO(2)-finite
ii)f̂(λ, w) is SO(2)-finite
iii)IPλf(z) is SO(2)-finite .
Proof. Let f(z) be SO(2)-finite, then
f̂(λ, w) =
∫
D
P−λ(z, w)f(z) dµ(z)
=
∑
|k|≤m0
∫
D
P−λ(z, w)fλ,k(tanh r)eikθ dµ(z) with z = tanh reiθ
=
∑
|k|≤m0
∫
D
(
1− |z|2
1− z.w )
1−iλ
2 fλ,k(tanh r)e
ikθ dµ(z)
=
∑
|k|≤m0
(
∫ 1
0
(1− r2) 1−iλ2 −2rfλ,k(tanh r) dr)(
∫
S1
(
1− r2
|1− r.w|2 )
1−iλ
2 eikθ dσ(θ))
=
∑
|k|≤m0
aλ,kw
k
where wk = eikϕ and aλ,k =
Γ(|k|+ 1+iλ
2
)
Γ( 1+iλ
2
)|k|!
∫ 1
0 (1−r2)
1−iλ
2
−2fλ,k(tanh r) 2F1(
1+iλ
2
, |k|+
1+iλ
2
; 1 + |k|; (tanh(r))2) dr, then the assertion i) implique ii).
The assertion ii)→ iii) is obtained from the formula of IPλf(z) and the same
proof as the above. The assertion iii)→ i) is deduced from the inversion for-
mula in the formula IPλf(z).
Let BR(z0) design the ball of radius R and center z0.
7 Spectral projection operator on C∞com(D) as-
sociated to the Laplacian ∆
In this section, we define the spectral projection oprator IPλf(z) on C∞com(D)
associated to the Laplacian ∆D, we give an expression exhibits IPλf(z) as a
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meromorphic function of λ, making appear the poles and zeros of IPλf(z).
We begin by givining the necessary condition.
Theorem 7.1 Suppose f is C∞ with support in BR(z0), f is SO(2)-finite
then
1) IPλf(z) is C
∞ function on (lC − ilZ)×D
2) for each fixed λ ∈ lC − ilZ, we have ∆DIPλf(z) = −(λ2 + 1)IPλf(z)
3) for each fixed z, IPλf(z) is an even function meromorphic function of λ
with at worst simple poles at λk =
+i(2k + 1) for k ≥ |n| where n is choosed
fixed in lZ), and ∑
k∈lZ
Resλ=λkIPλf(z) = 0(48)
4) for every N there exists cN such that
|IPλf(z)| ≤ cN(1 + |λ|)−Ne(R+d(z,z0))|Imλ|(49)
5) IPλf(z) has a simple zeros at points λl =
+ i2l (l ∈ lZ∗) and a double
zero at λ = 0 and satisfies
• z → Resλ=λkIPλf(z) ∈ E ′n
• (IPλf(z)− (λ− λk)−1Resλ=λk)|λ=λk ∈ E˜ ′′n
• IPλf(z)|λ=0 = 0 and IPλf(z)Γ(|k|+ 1+iλ
2
)Γ(|k|+ 1−iλ
2
)
has even entire expansion.
In order to do the proof of this theorem, we need some preparatory results
Proposition 7.1 Let f be an element of C∞com(D), then
IPλf(z) = (f ∗ ϕλ)(z) =
∫
D
ϕλ(d(z, z
′))f(z′) dz′,(50)
where
ϕλ(tanh r) =
(2π)(
1
4
)
4π2
λ tanh(
πλ
2
)Φ
(0,0)(r)
λ(51)
=
(2π)(
1
4
)
4π2
λ tanh(
πλ
2
)P− 1
2
(1+iλ)(cosh(2r)),
and Pν denote the Legendre function of the first kind with parameter ν.
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Proof. Let f be an element of C∞com(D), the equality (1.8)’ in combination
with (1.8)” gives
(52)
IPλf(z) =
1
4π
λ tanh(
πλ
2
)
∫
S1
Pλ(z, w)[
∫
D
f(z′)P−λ(z′, w) dz′] dσ(w).
According to the Fubini theorem, the above equality becomes
(53)
IPλf(z) =
1
4π
λ tanh(
πλ
2
)
∫
D
f(z′)[
∫
S1
Pλ(z, w)P−λ(z′, w) dz′] dσ(w)]dz′
=
∫
D
ϕλ(d(z, z
′))f(z′) dz′,
where d(z, z′) denotes the distance from z to z′, and ϕλ is a multiple of the
usual spherical function, because ϕλ(0) =
1
2
λ tanh(πλ
2
). The basic formula
for ϕλ is
ϕλ(d(z, z
′)) =
1
4π
λ tanh(
πλ
2
)
∫
S1
Pλ(z, w)P−λ(z′, w) dσ(w),(54)
by taking z′ = (0, 0) and z = tanh reiθ to get
ϕλ(tanh(r)) =
1
4π
λ tanh(
πλ
2
)
∫
S1
Pλ(tanh reiφ, w) dσ(w),(55)
if we substtitute w = eiθ, we obtain ( cf. [20] p: 38)
(56)
ϕλ(tanh(r)) =
1
4π2
λ tanh(
πλ
2
)
∫ π
0
(cosh(2r)− sinh(2r) cos θ)− 12 (iλ+1) dθ.
In his article ( cf. [26] p: 80 formula 4.5) R. Strichartz shows that
(57)∫ π
0
(cosh(2r)− sinh(2r) cos θ)− 12+ 12 iλ dθ = (2π) 14P− 1
2
+ 1
2
iλ(cosh 2r)
= (2π)
1
4P 0− 1
2
(iλ+1)(2 cosh r)
where P νµ denotes the Legendre functions.
(58)
P νµ (cosh r) =
2ν
Γ(1− ν)(sinh r)
−ν
2F1(1− ν + µ,−ν − µ; 1− ν; 1
2
(1− cosh(2r))).
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Whence
P 0− 1
2
(iλ+1)(cosh r) = 2F1(
1 + iλ
2
,
1− iλ
2
; 1;
1
2
(1− cosh(2r)))
= 2F1(
1 + iλ
2
,
1− iλ
2
; 1;− sinh2 r)
= 2F1(
1 + iλ
2
,
1− iλ
2
; 1;
tanh2 r
tanh2−1)
= (1− tanh2 r) 1+iλ2 2F1(1 + iλ
2
,
1− iλ
2
; 1; tanh2 r),
since 2F1(a, b; c; z) = (1− z)−a 2F1(a, c− b; c; zz−1).
and φ
(a,b)
λ denote the Jacobi function
(59)
φ
(a,b)
λ = F (
a+ b+ 1 + iλ
2
,
a+ b+ 1− iλ
2
; a+ 1;− sinh2(r)).
Now we give an expression exhibits IPλf(z) as a meromorphic function of λ,
making appear zeros and poles.
Proposition 7.2 If f is an element of C∞com(BR(z0)),(f be assumed of the
form fn(tanh(r))e
inθ, (n ∈ lZ)) then
(60)
IPλf(z) = γ(λ, n)(tanh r)
|n|φ
(|n|,−|n|)
λ (r)e
inθ .
∫ R
0
fn(tanh s)φ
(|n|,−|n|)
λ (s)
×(tanh s)|n| sinh(2s) ds
with
γ(λ, n) =
1
(|n|!)2
1
8π2
λ sinh(
πλ
2
)Γ(|n|+ 1 + iλ
2
)Γ(|n|+ 1− iλ
2
),
and fn(tanh r) design the Fourier’s coefficient in the the finite series of
Fourier of f
Proof of proposition 7.2 Without loss of generality we can assume that
z0 = e = (0, 0). Let f be an element of C∞com(D) with suppf in (BR(e)).
By combining the formulas of IPλf (see Remark), we see that
IPλf(z) =
∫
S1
Pλ(z, w)Ψλ(w) dσ(w),(61)
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where
Ψλ(w) =
1
4π
λ tanh(
πλ
2
)
∫
D
f(z′)P−λ(z′, w) dz′.(62)
Recall that the hyperbolic area measure on D in geodesic polar coordinate
is given by
1
2
sinh(2r)dr dσ(θ) =
1
4π
sinh(2r)dr dθ.
In such coordinates, the formula (7.15) becomes
Ψλ(e
iϕ) =
1
4π
λ tanh(
πλ
2
)
∫ R
0
∫
S1
fn(tanh r
′)P−λ(tanh r′eiθ, eiϕ)
×einθ′ 1
2
sinh(2r′)dr′ dσ(θ′)
=
1
8π
∫ R
0
fn(tanh r
′)[
∫
S1
P−λ(tanh r′eiθ, eiϕ)
×einθ′ dσ(θ′)] sinh(2r′)dr′
=
1
8π
∫ R
0
fn(tanh r
′)φ−λ,n(r
′)einϕ sinh(2r′)dr′
= (
1
8π
∫ R
0
fn(tanh r
′)φ−λ,n(r
′) sinh(2r′)dr′)einϕ
= Kλ,n(R)e
inϕ.
because f is of the form fn(tanh(r))e
inθ, (n ∈ lZ), with fn(tanh(r)) a C∞-
function of support in [−R,R]. If we substitute the above formula in formula
(7.14) we obtain
IPλf(z) = Kλ,n(R)
∫
S1
Pλ(tanh reiθ, eiϕ)einϕ dσ(ϕ)
= Kλ,n(R)φλ,n(r)e
inθ
According to the previous proposition, we deduce easily
(63)
IPλf(z) = γ(λ, n)(tanh r)
|n|φ
(|n|,−|n|)
λ (r)e
inθ.
∫ R
0
fn tanh(s)φ
(|n|,−|n|)
λ (s)
×(tanh s)|n| sinh(2s) ds
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with
(64)
γ(λ, n) =
1
(|n|!)2
1
8π
λ tanh(
πλ
2
)
Γ(|n|+ 1+iλ
2
)
Γ(1+iλ
2
)
Γ(|n|+ 1−iλ
2
)
Γ(1−iλ
2
)
.
It is clear that the expressions (7.17) and (7.18) exhibits IPλf(z) as a mero-
morphic function of λ, with poles and zeros at exactly the points where
γ(λ, n) has poles and zeros, since φ
(|n|,−|n|)
λ is an entire function of λ. Recall
that sin(πz) = π
Γ(z)Γ(1−z)
, then
cosh(π
λ
2
) = sin(π
1 + iλ
2
)
=
π
Γ(1+iλ
2
)Γ(1−iλ
2
)
From this, the formula (7.18) becomes
(65)
γ(λ, n) =
1
(|n|!)2
1
8π2
λ sinh(
πλ
2
)Γ(|n|+ 1 + iλ
2
)Γ(|n|+ 1− iλ
2
),
Remark. We note that IPλf(z) has a simple poles at λl =
+ i(2k + 1) for
k ≥ |n|, and a simple zero at a points λh = + i2h for h ∈ lZ∗ and a double
zero at λ = 0. From the formula (7.19), we deduce that IPλf(z)
Γ(|n|+ 1+iλ
2
)Γ(|n|+ 1−iλ
2
)
has an even entire expansion, since the collection of function {φ(−|n|,|n|)λ } has
no zeros and no poles.
Proposition 7.3 Let f be an element of C∞com(BR(z0)), then there exist an
invariant subspace E ′n of Eλ in which we give the condition k ≥ |n|, such
that
z → Resλ=λkIPλf(z) ∈ ⊕k≥|n|Xk = E ′n(66)
Proof. For any function f ∈ C∞com(BR(z0)), the “spectral projection” func-
tion IPλf(z) has the property that
(∆ + λ2 + 1)IPλf(z) = 0 for λ 6= λk,
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then
∆Resλ=λkIPλf(z)
= ∆ lim
λ→λk
(λ− λk)IPλf(z)
= lim
λ→λk
(λ− λk)∆IPλf(z)
= − lim
λ→λk
(λ− λk)(λ2 + 1)IPλf(z)
= −(λ2k + 1)Resλ=λkIPλf(z).
Then, from the above remark, we must have
Resλ=λkIPλf(z) ∈ E ′n for k ≥ |n|(67)
Proposition 7.4 Let f be of C∞com(BR(z0)), then the regular part of IPλf(z)
at λk satisfy
(IPλf(z)− (λ− λk)−1Resλ=λkIPλf(z))|λ=λk ∈ E˜λ.(68)
Proof. According to the Proposition (3.3), we deduce
(69)
(∆ + λ2k + 1)(IPλf(z)− (λ− λk)−1Resλ=λkIPλf(z))
= (λ2k − λ2)IPλf(z) for λ 6= λk,
and since
lim
λ→λk
(λ2k − λ2)IPλf(z) = −2λkResλ=λkIPλf(z) ∈ E ′n.
Then
(∆ + λ2k + 1)(IPλf(z)− (λ− λk)−1Resλ=λkIPλf(z))|λ=λk ∈ E ′n.
but
(IPλf(z)− (λ− λk)−1Resλ=λkIPλf(z))|λ=λk /∈ Eλk .
Whence
(∆ + λ2k + 1)
2(IPλf(z)− (λ− λk)−1Resλ=λkIPλf(z))|λ=λk = 0,
More precisely
(IPλf(z)− (λ− λk)−1Resλ=λkIPλf(z))|λ=λk ∈ E˜λ.
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Proof of the theorem 7.1
Let f be an element of C∞com(BR(z0)), assumed SO(2)- finite, then f is writ-
ten as a finite sum of the form fm(tanh(r)e
imθ (with m ∈ lZ). It suffices
to verify the conditions 1), ..., 5) of theorem, for a functions of the form
fm(tanh(r)e
imθ.
The condition 1) and 2) are easy, while 3) and 5) has been already established
( see propositions 7.3 and 7.4 and formula (7.18)).
Now showing the estimate in 4). From the proposition 7.1, we have
IPλf(z) =
∫
D
ϕλ(d(z, z
′))f(z′) dz′,(70)
where
ϕλ(tanh r) =
(2π)(
1
4
)
4π2
λ tanh(
πλ
2
)P− 1
2
(1+iλ)(cosh(2r)),(71)
For simplicity of notation we take z = e = (0, 0), and write
F (r) =
∫ 2π
0
f(tanhreiθ) dθ.(72)
Note that F ∈ C∞com([−R − d(z, z0), R + d(z, z0)]).
The formula (7.23) becomes
(73)
IPλf(z) =
1
4π
∫ R+d(z,z0)
0
ϕλ(tanh r)F (r) sinh(2r) dr
=
(2π)(
1
4
)
24π3
λ tanh(
πλ
2
)
∫ R+d(z,z0)
0
P− 1
2
(1+iλ)(cosh(2r))F (r) sinh(2r) dr.
Now, we use the well-known identity (cf. [26] p: 87) for Legendre function
P− 1
2
(1+iλ)(cosh(r)) =
√
2
π
∫ r
0
cos(λt)
(cosh r − cosh t) 12 dt.
We interchange the order of integration in the formula (7. 26) to obtain that
∫ R+d(z,z0)
0
P− 1
2
(1+iλ)(cosh(2r))F (r) sinh(2r) dr =
√
2
π
∫ r
0
cos(λt)G(t) dt,
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where
G(t) =
∫ R+d(z,z0)
t
F (r) sinh(2r)
(cosh 2r − cosh 2t) 12 dr.
To see that G is C∞, we note that ( 1
sinh r
∂
∂r
)kF (r) is C∞ for any k, so an
integration by parts yields
G(t) =
(−1)k
(1
2
)k
∫ R+d(z,z0)
0
(cosh(2r)−sinh(2r))k− 12 sinh(2r)( d
d cosh(2r)
)kF (r) dr,
is Ck−1 by inspection.
It remains to verify that ∑
k∈1Z
Resλ=λkIPλf = 0.
from the inversion formula, we have (see the above proposition )
f(z) =
∫
IR
IPλf(z),
with
IPλf(z) = γ(λ, n)(tanh r)
|n|φ
(|n|,−|n|)
λ (r)e
inθ.
∫ R
0
fn(tanh s)φ
(|n|,−|n|)
λ (s)
×(tanh s)|n| sinh(2s) ds
with
γ(λ, n) =
1
(|n|!)2
1
8π2
λ sinh(
πλ
2
)Γ(|n|+ 1 + iλ
2
)Γ(|n|+ 1− iλ
2
).
As IPλf(z) is a meromorphic function, with poles at λk =
+i(2k + 1), thus,
we can use the residue theorem to change the path of integration to obtain
f(z) =
∫
IR+iαk
IPλf(z) dλ+ 2iπ
∑
j≤k
Resλ=λjIPλf(z),
where αk = i(2k + 1 +
1
2
), for any integer k. Since f(z) = 0 for z /∈ BR(z0),
so r ≥ R, then, it follows from the estimate in 4) that
lim
αk→∞
∫
IR+iαk
IPλf(z) dλ = 0.
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Whence ∑
j≤k
Resλ=λjIPλf(z) = 0 for z /∈ BR(z0)
since the above equality is a finite sum of an fonction propre de ∆, then it is
a real-analytic function, so it vanishes for all z ∈ lC.
Theorem 7.2 Let F (λ, z) a function given satisfying the following asser-
tions
1) F (λ, z) is C∞ function on (lC − ilZ)×D
2) for each fixed λ ∈ lC − ilZ, we have ∆DF (λ, z) = −(λ2 + 1)F (λ, z)
3) for each fixed z, F (λ, z) is an even function meromorphic function of λ
with at worst simple poles at λk =
+ i(2k + 1), and
∑
k∈lZ
Resλ=λkF (λ, z) = 0(74)
4) for every N there exists cN such that
|F (λ, z)| ≤ cN (1 + |λ|)−Ne(R+d(z,z0))|Imλ|(75)
5) F (λ, z) has a simple zeros at points λl =
+ i2l (l ∈ lZ∗) and a double
zero at λ = 0 and satisfies
• z → Resλ=λkF (λ, z) ∈ E ′n
• (F (λ, z)− (λ− λk)−1Resλ=λk)|λ=λk ∈ E˜λ
• F (λ, z)|λ=0 = 0 and F (λ,z)Γ(|k|+ 1+iλ
2
)Γ(|k|+ 1−iλ
2
)
has even entire expansion. then
there exists f , C∞ with support in BR(z0) given by f(z) =
∫
IR F (λ, z) dλ such
that F (λ, z) = IPλf(z)
Proof of theorem 7.2.
Let F (λ, z) given satisfying 1), ..., 5), and define
f(z) =
∫
IR
F (λ, z) dλ,(76)
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there is no difficulty with convergence in view of the following inequality
∫
IR
F (λ, z) dλ ≤ cN
∫
IR
(1 + |λ|)−N dλ <∞.
Firt, we want to show that f vanishes outside BR(z0) and f is C∞.
For this, we assume all the functions are of the form fn(tanh r)e
inθ (since the
condition 1), ..., 5) are preserved), then, we can assume
F (λ, tanh(r)eiθ) = Ψ(λ)einθ(tanh r)|n|φ
(|n|,−|n|)
λ (r),(77)
for some meromorphic function, from the estimate in 4) we have
Ψ(λ)einθ(tanh r)|n|φ
(|n|,−|n|)
λ (r) ≤ cN(1 + |λ|)−Ne(R+r)|Imλ|.
Using the koornwinder lemma to obtain
Ψ(λ) ≤ cN(1 + |λ|)−Ner|Imλ|.(78)
We note that Ψ is given by the condition 5).
According to the condition 3), we use the residue theorem in the formula
(7.26) to obtain
f(z) =
∫
IR
F (λ, z) dλ
=
∫
IR+iαk
F (λ, z) dλ+ 2iπ
∑
j≤k
Resλ=λjF (λ, z)
=
∫
IR+iαk
F (λ, z) dλ
where αk = i(2k + 1 +
1
2
), for any integer k. From the formula (7.28), we
conclude that
(79) ∫
IR+iαk
F (λ, z) dλ = einθ(tanh r)|n|
∫
IR+iαk
Ψ(λ)φ
(|n|,−|n|)
λ (r).
Since Ψ(λ) satisfy the inequality (42), then, we let k → ∞, we obtain zero
in the limit in the formula (43) if r ≥ R. Then f(tanh reiθ) = 0 if r ≥ R.
Show now that f is C∞.
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Since
∆NF (λ, z) = (−1)N (1 + λ2)NF (λ, z) for any integer N.
Then
∆Nf(z) = (−1)N
∫
IR
(1 + λ2)NF (λ, z) dλ.
From the estimate in 4) it follows that ∆Nf is L2(D, dm(z)), the usual
Sobolev inequality imply that ∆Nf is C∞ on D.
To understand the behavior of F (λ, z) as λ → i(2l) (l ∈ lZ), we note that
gz(λ) =
F (λ,z)
Γ(|n|+ 1+iλ
2
)Γ(|n|+ 1−iλ
2
)
has an even entire expansion, satisfying the esti-
mate in 4), then there is a constant c′N such that
gz(λ) ≤ c′N (1 + |λ|)−Ne(R+d(z0,z))|Imλ|.
From the above results the function λ→ Γ(|n|+ 1+iλ
2
)Γ(|n|+ 1−iλ
2
)fλ,n(tanh r)
is entire and satisfying the estimate in 4). Using
fλ,n(tanh r) = c
′
N,ngtanh r(λ)Γ(|n|+
1 + iλ
2
)Γ(|n|+1− iλ
2
)| tanh r||n|φ|n|,−|n|λ (r),
which show that gtanh r(λ) is an even and entire function since the collection
of function {φ(−|n|,|n|)λ } has no zeros and no poles.
To complete the proof we need to show that F (λ, z) = IPλf(z) which is
equivalent to showing that
∫
IR F (λ, z) = 0 imply F (λ, z) = 0, and it suffices
to show that
∫
IR fλ,n = 0 imply fλ,n = 0. From the formula (7.27) we have
0 =
∫
IR
fλ,n(z) dλ = | tanh r||n|
∫
IR
Ψ(λ)φ
(|n|,−|n|)
λ (r) dλ.
Since Ψ(λ) has compact support, by the uniqueness of the jacobi transform
(cf. [22]), we deduce that Ψ(λ) = 0 for λ 6= + i(2k + 1). Then F (λ, z) = 0
for λ 6= + i(2k + 1).
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